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SUBMAXIMALLY SYMMETRIC CR-STRUCTURES 


BORIS KRUGLIKOV 

Abstract. Hypersurface type CR-structures with non-degenerate 
Levi form on a manifold of dimension {2n+ 1) have maximal sym¬ 
metry dimension -|- 4n -|- 3. We prove that the next (submax- 
imal) possible dimension for a (local) symmetry algebra is -I- 4 
for Levi-indefinite structures and + 3 for Levi-definite structures 
when n > 1. In the exceptional case of CR-dimension n = 1, the 
submaximal symmetry dimension 3 was computed by E. Cartan. 


Introduction and Main Result 

Levi-nondegenerate Cauchy-Riemann (CR) structure of hypersurface 
type on a manifold M of dim = 2U-I-1 consists of a contact distribution 
C <ZTM and a complex structure J on it that preserves the canonical 
conformal symplectic structure oj on C associated to the natural tensor 
cd e K^C*®{TM/C), (X,Y) ^ [A,Y] modC: uj{JX,JY) =uj{X,Y). 

We will assume J integrable, which is a condition analogous to 
vanishing of the Nijenhuis tensor: [JX,JY] — [X, Y] = J([JX, Y] + 
[X, JY]), X, Y G V{M). In this case under additional assumption of 
analyticity the CR-structure can be locally realized by a real hyper¬ 
surface in Moreover the internal symmetries of CR-structures 

(vector helds preserving both C and J) are bijective with external 
symmetries (holomorphic vector helds tangent to the hypersurface). 
We refer to these statements and other details to [BER] . 

Levi form of CR-structure (C, J) is the conformal quadric q{X, Y) = 
u}{X, JY). It is non-degenerate (this is equivalent to nondegeneracy of 
cd, i.e. to C being contact), and so has signature {2k, 2n — 2k) {J is q- 
orthogonal; we hx /c < ^ using a choice of the conformal factor). In the 
case fc = 0 we say g is a Levi-dehnite form, elsewise Q is Levi-indehnite. 

E. Cartan for n = 1 and N. Tanaka m for n > 1 showed (in 
the analytic case) that the symmetry (automorphism) group of a CR- 
structure of the considered type has maximal dimension (u + 2)^ — 1. 
The same estimate applies to the Lie algebra of (local) symmetries. 
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This maximal value is achieved only if the structure has CR-curvature 
K zero. In this and only in this case (M, C, J) is locally equivalent 
to the round sphere C with the induced CR-structure, 

or to another nondegenerate quadric (if the Levi form has indefinite 
signature). This seminal result is based on the construction of Cartan 
connection, and it was re-proven by Chern-Moser (in the smooth case) 
in their investigation of CR-invariants |CM] . and also in the general 
framework of parabolic geometry ing. 

What happens when k 7 ^ 0 at some point of Ml Here and below by 
CR-curvature k one can understand either the Chern-Moser curvature 
or Tanaka’s curvature or the curvature of normal Cartan connection of 
the corresponding parabolic geometry, as well as the harmonic part of 
thereof. The condition k ^ 0 is independent of the choice. 

With this condition the maximal dimension of the symmetry algebra 
is called the sub-maximal symmetry dimension (it was studied for many 
geometric structures, see IK51 and references therein). Notice that 
dimension of the symmetry algebra is no less than that of the symmetry 
group 0 , so the bound on the symmetry algebra is a stronger result. 

For n = 1 the sub-maximal symmetry dimension © = 3 was es¬ 
tablished by E. Cartan (re-proved in |KTj in the smooth case). For 
n = 2 the answer comes from the results of A. Loboda ILI1IL2]: for 
Levi-definite case © = 7 and for Levi-indefinite case © = 8 (actually 
he bounded the automorphism group, and assumed analyticity, but 
we will relax these assumptions without altering the values). For gen¬ 
eral n (again under analyticity assumption) the bound for the stability 
group Auto(M, C, J) was achieved by V. Ezhov and A. Isaev [El] (see 
also m , but their theorem does not imply the submaximal value of the 
symmetry dimension. 

Theorem . Consider a connected smooth Levi-nondegenerate hyper¬ 
surface type CR-structure (M, C, J) of CR-dimension n > 1. If at one 
point the CR-curvature n ^ 0, then the symmetry algebra has dimen¬ 
sion at most © = -|- 3 in the Levi-definite case and & = + A in 

the Levi-indefinite case. This estimate is sharp (= realizable). 

Here by symmetries one can understand either (the germs of) local 
vector helds dehned in a neighborhood of the point with k ^ 0 or 
global vector helds dehned on the whole manifold be they incomplete or 
complete (in the last case this is equivalent to consideration of the group 
of automorphisms). The statement holds true in all specihcations. 

^An example of difference: The automorphism group of flat without a 

point is the parabolic subgroup R,n+i C SU{l,n + 1) of dimension -|- 2n -I- 2, 
while the symmetry algebra is su(I, n -I- I) of dimension -I- 4n -|- 3. 
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1. Proof: Levi-indefinite case 

Let us begin by recalling that Levi-nondegenerate CR-structures of 
hypersurface type of CR-dimension n (equivalently: dim M = 2n -|- 1) 
are parabolic geometries of type see [CSj . Here we shall 

take instead of A„+i the real Lie group SU{k + l,n — k + 1) if the 
signature of the Levi form is (2/c, 2n — 2k) (we assume k < n/2). 

The Satake diagram of its Lie algebra su{k + l,n — k + 1) has k + 1 
arrows, n — 2k — 1 black nodes and 2{k + 1 ) white node^ for k < n/ 2 : 



X- O -•-•-o-X 


and for n = 2kit has k arrows and all {2k + l) nodes white. We indicate 
by crosses the parabolic subalgebra. 

For (regular normal) parabolic geometries a universal upper bound 
it on dimension of the Lie algebra of symmetries of non-flat structures 
was derived in |KT] : © < it. This works for all real smooth geometries, 
but sharpness is guaranteed (by abstract realization) only for complex 
analytic and real smooth structures of split type (few exceptions to 
this were classihed). The number it was computed for all non-rigid 
geometries (where non-flat structures exist) of type G/P, where G is 
simple and P parabolic. 

The split-real case of CR-geometry (Cartan type A„_|_i/Pi_„+i) is the 
geometry of Lagrangian contact structures m- The universal upper 
bound for the latter is it = -i 4 (n > 2), see |KTj and the Appendix. 
Thus to prove our result for © in the Levi-indehnite case we have to 
exhibit a model with that many symmetries. 

Lemma 1. The CR-structure given as the real hypersurface in 

n 

Im(2;„+i) = \m{ziZ2) + + '^ek\zk\^ (1) 

k=3 

(ck = ±1/ has exactly + A independent symmetries (n> 1). 


^Both symmetric with respect to the Dynkin diagram automorphism (reflection), 
and with black nodes in the middle. 
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Proof. We express exterior symmetries as holomorphic vector fields: 

n 

Hi = zi dz.^ + 3^2 dz2 + 2 Zk dzf, + 4zn+i , 

k=Z 

H 2 = i {zi dzi +Z2dz2), Hk = i Zk dz^, 

Ti = dz, - Z2 dz^+, + 4i z"^ dz2 , T[ = i dz^ + i Z 2 + 4 zj dz ^, 

T 2 = dz2 + ^1 5^„+i, T^ = i dz2 - i zi dz„+,, 

Tk ^zk 4~ 2 f 6 fc Zk dz^^^ 5 Tj^ i dzf. “F 26 ^ Zk 5 

Tn+l = Si = Zl dz 2 i 

Sk ‘^Zk dz2 Zl dzf. y Sf^ 2i Zk dz2 “ 1 “ zi dzf., 

Rst (^sZg dzt ^tZt dzsi Hst ^ i^^sZs dz^ P ^tZt dzg^. 

The indices run as follows: 3<k<n,3<s<t<n{if the range 
is empty the corresponding terms do not appear; notice also that S 2 
does not appear). It is easy to check that these are symmetrie^, are 
linearly independent and the totality of them is as required. Since the 
CR-curvature k is not zero, there can be no more symmetries. □ 

Remark 1. The model in the Lemma for n = 2 is almost identical 
to that of [Wl p.l46]. It was shown there that the symmetry is an 8- 
dimensional solvable Lie algebra. For n > 2 the situation is different. 
The Levi-decomposition of the algebra is 

sym([T]) = su(p, q) k r, 

where p + q = n — 2, the signature is (es,..., e„), dimr = 4n + 1. The 
Levi factor is generated by Hk — (3 < k < n), Rgt, R'gt (3 < s < t < 

n), and the radical x is generated by Hi, H 2 , H^-I- ■ --iHn, Ti,..., Tn+i, 

rp/ rpf C C Q Q' 

• • • ? *^72? * * * ’ ’ 

CR-structure ([T]) is Levi-indehnite and can attain any non-positive 
(and non-negative) signature. Thus we realized the upper bound on 
the symmetry and the theorem in this case is proven. 

2. Proof: Levi-definite case 

Let us show that the upper bound © < if = -|- 4 is not realizable 

for strictly pseudo-convex (or Levi-definite) CR-structures. Recall from 
[Krl IKTj that the symmetry algebra acting on M is hltered by a choice 
of a point on M, and the corresponding graded algebra a C g. 

holomorphic vector field V is tangent to the real hypersurface A = 0 if the 
following condition hold: {V -\-V) ■ = 0. 
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Recall jCS] that in any parabolic geometry the curvatrue k, of the 
normal Cartan connection has a harmonic part kh that uniquely de¬ 
termines flatness: k = 0 ^ kh = 0- The harmonic curvature takes 
values in the cohomology space which it is a go-Biodule. 

In our case, if kh ^ ^it the given point, then a = a _2 © a_i © ao C 
su(l,n+ 1), where the latter algebra is |2|-graded (contact grading) 
in accordance with the choice of parabolic subalgebra pi.n+i C g- Ab¬ 
sence of positive grading spaces in a is due to the prolongation rigidity 
phenomenon, see the Appendix. 

In particular, the grading 0 spac^ cio © 0o = M (M is 

generated by the grading element), and as in |KTj we observe that 
ao C anng„{KH) C go- 

The largest dimension of the annihilator is obtained in the complex 
case, when the harmonic curvature kh is given by the lowest weight 
vector 0 of the corresponding representation. In |KTj we computed 
that for An+i/Pi^n+i in the complex case dimao < — 2n + 3. 

Proposition 1. For Levi-definite CR-structures at the point with kh 
0 the lowest weight vector f is not real and dim ao < — 2n + 2. 

Proof. We give two independent proofs. At hrst let us notice that minus 
the lowest weight of the complexihcation if^(g_,g)*‘' = if^(gS,g®') 
being computed via the Kostant algorithm (for this we refer to [CSj l 
is as shown on the following Satake diagram 



X-•-•-•-•-X 


We only need to notice that the lowest weight of the semi-simple 
part is non-trivial. The Satake diagram of the semisimple part of go is 
obtained by removing the crossed nodes: (go)ss — su(?7,). Since this is 
a compact Lie algebra, its real (nontrivial) representation cannot have 
real lowest weight vector, and thus the orbit of minimal dimension (as 
in the complex case) is not realizable. Equivalently, the annihilator of 
highest possible dimension is not possible for this real form, and so the 
dimension of ao drops at least by one. 

The other proof is based on the fact, proven in m Lemma 2.1] 
(we formulate a local version, which follows the same proof), that if a 
subalgebra Oq C u(n) has dimension > — 2n + 3, then it is either 

u(n), or 5u(n), or n = 4 and Oq = sp(2) © M C u( 4). Notice that the 
grading element s cannot belong to ao (otherwise the symmetry algebra 

^The semi-simple part of go corresponds to the Dynkin diagram for g with crosses 
removed; the center has dimension of the number of crosses. 
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is graded and the curvature kh vanishes at the given point |KT] ). so 
this algebra is isomorphic to a subalgebra Oq C 0 o/®'S = u(n). 

The hrst two of the above cases lead to kh = 0 at the given point, as 
they have too big dimensions (by complex results of |KT] ; alternatively: 
the point has to be umbilic). The last possibility for n = 4 is not 
realized as 5p(2) does not preserve any nonzero vector in the curvature 
representation 0 0 o (this is directly checked in Mapl^, which 

would again imply Kh = 0 contrary to the assumption. □ 

Thus in Levi-dehnite case we improved the universal bound to if < 
+ 3, and to prove our result for © we have to exhibit a model with 
that many symmetries. 

Lemma 2. The CR-structure given as the real hypersurface in 

n 

Im(^„+i) = log(l + 1^1 H + (2) 

k=2 

has exactly + 3 independent symmetries (n > 1). 

Proof. We express exterior symmetries as holomorphic vector helds: 

Ti = (1 + zf) + 2i zi T[ = i{l- zl) + 2zi 

Tj = + 2i Zk , Tj = i + 2zk , 

Tn+l , Hk i ^k dz). 

Rst ^zt ^St ^ T dzf). 

The indices run as follows: l</c<n, l<j<n, 2<s<f<n(if the 
range is empty the corresponding terms do not appear). It is easy to 
check that these are linearly independent symmetries and the totality 
of them is as required. Since the CR-curvature k is not zero, there can 
be no more symmetries. □ 

Remark 2. The model in the Lemma for n = 2 is the last case of f 
submaximally symmetric CR-structures in 5D from |L2l Theorem 1]. 
In this case the Levi decomposition is the direct sum su(2) © r, where 
the radical is a fD solvable Lie algebra with derived series of length 
3. In the general case another simple factor appears and the Levi- 
decomposition of the symmetry algebra is 

sym(l 2 ]) = (su( 2 ) © su(?t, — 1 )) k r. 


®I am grateful to Henrik Winther for an assistance with this. 
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where dimr = 2n. The Levi factor is generated by Ti,T{,Tn+i — Hi 

(the first simple factor) and — H 2 ,..., — H 2 , Rst, R'st 

ond simple factor), and the radical t is generated by H 2 + ■■■ + H^, 

T ' rjif rp rjif rp 

1 2i 1 ni ni n+1 • 

CR-structure ([2D is Levi-definite. Thus we realized the upper bound 
on the symmetry and the theorem in this case is proven. 

3. Concluding remarks 

In the above setup we considered integrable CR-structures (torsion- 
free parabolic geometries). The statement of the theorem is also true for 
the general class of partially integrable CR-structures (torsion allowed; 
these are non-embeddable into even in the analytic case) - still the 
submaximal dimension ©, i.e. the maximal dimension of the symmetry 
algebra of a non-flat CR-structure, is given by the same value. 

Indeed, by Theorem 4.1.8] the value of © does not exceed 
max^iC, where w belongs to the Hasse diagram of weight two ca 
enumerating the (lowest weights of) irreducible cohomolgy components 
of iL^(g_,g). For CR-geometry A^/Pi^i, ^ = n + 1, there are two 
irreducible components: W 2 = (1,-^), corresponding to curvature that 
we considered, and wi = ( 1 , 2 ) ©(£,£ — 1 ), corresponding to torsion. 
But the value ©^ = ifu, is the same for wi and W 2 , see EH Table 11 
(parabolic contact geometries). 

It is even true that the result (that the dimension of the symmetry of 
a non-flat structure does not exceed ©) holds true for the general (not 
partially integrable) case, when one drops the condition uj{JX, JY) = 
uj{X,Y), but we will not explore this here. 

Appendix A. Universal bound for the real structures 

The symmetry algebra of any parabolic geometry of type G/P is 
hltered (hltration depends on the choice of a point) and the corre¬ 
sponding graded algebra embeds a C g. The universal upper bound of 
EH for the symmetry algebra is as follows: 

if < maxjdim : 0 7 ^ 0 G iL^(g_, g)}, 

where a = a_ © Oq © of © ..., a_ = g_, of = onn( 0 ) C go and of are 
Tth Tanaka prolongations of (g_, of). 

Moreover for complex or split-real cases we proved in [KT] that the 
lowest dimension bound for of is achieved if and only if 0 7 ^ 0 G 
Ff^(g_, g) is the lowest^ weight vector in a go-submodule of H‘)_ (there 

®or highest, but we keep the lowest weight convention. 
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were several exceptions for equality (sharpness), but the inequality from 
above holds always). This is true for other real cases. 

Proposition 2. For any real parabolic geometry the submaximal sym¬ 
metry dimension is bounded so: 

if < max dime (a'^'")®', 

where is the lowest weight vector of the irreducible submodule Yfj, of 
minus lowest weight fi in the complexified Qq- module gfi). 

Proof. Let 0 7 ^ k G iL^( 0 _,g) be the curvature of the geometry. The 
algebra Oq preserves it: u • k = 0 Vv G Uq. Let k = (k, 0) G g)®' 

be the complexiheation. Then the complexihed algebra (cio)**' preserves 
k. In the complex case the inequality was proven in [KTj . and the 
claim follows from dimR Oq = dime Uq and commutation of the Tanaka 
prolongation with complexiheation (because the prolongation is a linear 
algebra operation). □ 

An important ingredient of the work [KT] is prolongation-rigidity. 
A G/P parabolic geometry is prolongation-rigid if for any 0 7 ^ 0 G 
iL^(g_, g) the Tanaka prolongation of Uq = ann(0) is pr_,_(g_, Uq) = 0. 

Proposition 3. If the complex geometry G'^/P'^ is prolongation-rigid, 
then so is the real geometry G/P. 

Proof. This again follows from commutation of the Tanaka prolonga¬ 
tion with complexiheation and the fact that any 0 7 ^ 0 G iL^(g_,g) 
generates an element 0 7 ^ 0 G Lr^(g‘^,g‘^) in the complexiheation. In 
fact, the statement of our proposition follows at once from Corollary 
2.4.8 and Proposition 3.1.1 of |KT] . □ 

Notice that if the geometry has real type, that is G is a real Lie alge¬ 
bra, then its complexiheation has Dynkin diagram obtained by remov¬ 
ing black colour and arrows from the Satake diagram, and computation 
of the cohomology by the Kostant algorithm is the same (for complex 
type, when complexiheation is given by doubling of g, the situation 
is more complicated - see |KMTj ). The CR-geometry has real type 
SU{p,n-\-l—p)/Pi^n, and so the universal bound is the same as in the 
complex (or split-real) case, and also the prolongation rigidity follows. 
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